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Abstract: We initiate the study of M-strings in the thermodynamic limit. In
this limit the BPS partition function of M5 branes localizes on configurations with
a large number of strings which leads to a reformulation of the partition function in
terms of a matrix model. We solve this matrix model and obtain its spectral curve
which can be interpreted as the Seiberg-Witten curve associated to the compactified
M5 brane theory.
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1 Introduction
Six-dimensional SCFTs have become one of the centers of focus in the study of su-
perconformal field theories [1–14] and play an increasingly important role in the con-
struction of four-dimensional quantum field theories [15–18]. M-strings [19] provide a
framework for computing partition functions of six-dimensional SCFTs through ellip-
tic genera of tensionless strings. The corresponding elliptic genera can be computed
in various ways, either through a topological vertex or sigma model computation [19]
or by using a quiver gauge theory description [20–24]. In particular, for a theory that
has k different types of strings with tensions (ϕ1, . . . , ϕk) (which can be identified
with scalar vevs in the associated tensor multiplets), one has for the 6d partition
function on T 2 × R4
Z6dR4×T 2 =
∑
~n
e−~n·~ϕZ~nT 2 , (1.1)
where Z~nT 2 denotes the elliptic genus of ~n = (n1, · · · , nk) strings.
In this note we will focus on the theory of M-strings which arise from M2-
branes suspended between M5-branes [19] and analyse the behaviour of the partition
function in the limit of large volume and large number of strings, the so called
thermodynamic limit. In particular, the tensor deformation of the (2, 0) A1 type
theory giving rise to 5d N = 1∗ SU(2) SYM is our main example. This theory has
only one type of string with tension ϕ which corresponds to the Coulomb branch vev
of the five-dimensional gauge theory. Upon further compactification on a circle this
vev becomes complexified and corresponds to the Seiberg-Witten period of the gauge
theory. We will show how the Seiberg-Witten geometry of the torus compactification
of the six-dimensional theory emerges in the thermodynamic limit of BPS partition
functions and compute its differential. The methods used can be traced back to
the work of Nekrasov and Okounkov on random partitions [25] who used matrix
model technology to compute the Seiberg-Witten geometry of four-dimensional N =
– 1 –
2 supersymmetric gauge theories. More precisely, important for our story will be
the elliptic version of the results of Nekrasov and Okounkov first presented in [26].
However, our setup is considerably different from the one of [26] as we are using a
string expansion of the partition function whereas the authors of [26] use an instanton
expansion.
This paper is organized as follows. In section 2 a review of the M-string setup
will be presented. In section 3 we will derive the matrix model description and from
it the Seiberg-Witten geometry. Finally, in section 4, we will present a discussion of
results together with an outline for future work.
2 Review of M-strings
M-strings arise from M2 branes suspended between M5 branes [19]. In the following
we will present a review where we restrict ourselves to the case of two M5 branes
which is the relevant situation for the present paper. We parametrize the eleven-
dimensional spacetime of M-theory by coordinates X0, X1, . . . , X10, then consider
M5 branes occupying the directions X0, X1, X2, X3, X4, X5 and separated along X6.
The worldvolume of each M5 brane is taken to be T 2 × R4. For convenience, we
parametrize T 2 by X0, X1 and R4 by X2, . . . , X5. We extend this configuration by
including M2 branes occupying the directions X0, X1 and X6. These give rise to
strings inside the M5 brane, which we denote by M-strings. This configuration is
schematically shown in Figure 1. The tension of strings is controlled by the distance
M5 M5
M2
X 6
X 0 , ... , X 5
Figure 1: M2 branes suspended between M5 branes.
between M5 branes, i.e. we have
〈X6〉 = ϕ, (2.1)
– 2 –
where ϕ is the scalar in the (2, 0) tensor multiplet. At low energies and for small T 2
this configuration gives rise to maximal Super Yang-Mills with gauge group SU(2) in
four dimensions and ϕ becomes complexified and identified with the Coulomb branch
vev of the gauge theory. The mass-deformation of maximal SYM can be incorporated
by twisting the M5 brane geometry with a subgroup of the R-symmetry as explained
in [19, 20].
Following a chain of dualities one can connect the M5 brane configuration just
described to a toric non-compact Calabi-Yau geometry given by the toric skeleton
graph depicted in Figure 2. In particular, the BPS partition function of the M5 brane
ϕ
τ
m
Figure 2: The toric geometry dual to the M5 brane configuration. τ is the com-
plex structure parameter of the tours T 2 and m denotes the mass of the adjoint
hypermultiplet in the mass-deformation of maximal SYM.
configuration of Figure 1 is equivalent to the topological string partition function of
the toric Calabi-Yau of Figure 2.
The mirror geometry and in particular the Seiberg-Witten curve associated to
the above toric Calabi-Yau can be obtained as the “thickening” of the toric diagram
(see for example [27]). This is shown in Figure 3. In the next section we will show
how this geometry naturally arises from the thermodynamic limit of M-strings. In
order to proceed we will need the explicit form of the M5 brane partition function:
ZM5 = Ztop =
∞∑
N=1
e2piiφNZN(τ, 1, 2,m) =
∑
N
e2piiφN
∑
|ν|=N
∏
(i,j)∈ν
θ1(τ ; zij)θ1(τ ; vij)
θ1(τ ;wij)θ1(τ ;uij)
,
(2.2)
– 3 –
Figure 3: The Seiberg-Witten geometry arising from the thickening of the toric
diagram. The punctures at the ends of the tube connecting the two tori correspond
to the two outer legs of the toric diagram 2.
where the quantity ZN(τ, 1, 2,m) is the elliptic genus of N M-strings suspended
between two M5 branes, ν is a Young tableau and |ν| denotes the number of boxes
in ν. The relation between the tension ϕ of M2 branes and the parameter φ in the
partition function (2.2) is
ϕ = −2piiφ. (2.3)
Furthermore, (i, j) ∈ ν specifies a box in the i’th row and j’th column and the elliptic
parameters as functions of y = Qm = e
2piim, q = e2pii1 and t = e−2pii2 are given by
e2pizij = Q−1m q
νi−j+1/2t−i+1/2, e2piivij = Q−1m t
i−1/2q−νi+j−1/2,
e2piiwij = qνi−j+1tν
t
j−i, e2piuij = qνi−jtν
t
j−i+1,
and the theta function is defined as
θ1(τ ; z) = iQ
1/8
τ e
piiz
∞∏
k=1
(1−Qkτ )(1−Qkτe2piiz)(1−Qk−1τ e−2piiz). (2.4)
For later convenience we note the following transformation property of the theta
function under lattice shifts:
θ1(τ ; z + n+ lτ) = e
2pii(n−l
2
−lz− l2
2
τ)θ1(τ ; z). (2.5)
One crucial feature of the above partition function is that it is given in terms of
an expansion in the “Coulomb branch” parameter e2piiφ whereas the usual Nekrasov
partition function is always an expansion in terms of the “instanton parameter”
e2piiτ . The explanation of this unusual expansion is an underlying duality between
the (mass-deformed) A1 (2, 0) theory compactified on a circle and a 5d N = 1
– 4 –
U(1) gauge theory with two fundamental hypermultiplets. For explanations and
generalizations of this duality we refer to [2, 19, 20]. In this correspondence the
parameter φ becomes the gauge coupling of the U(1) theory:
φ←→ τU(1) .
This correspondence will serve as a guiding principle for the derivation of the Seiberg-
Witten geometry which we will present in the next section. For the remainder of this
paper we will focus on the unrefined case
~ = 1 = −2, (2.6)
and leave the refined version for future study. In the following we will suppress the
τ -dependence of the theta function and simply write θ1(z) ≡ θ1(τ ; z).
3 Derivation of matrix model and Seiberg-Witten geometry
In this section we take the thermodynamic limit of the partition function. This limit
arises by considering the two limits1
~→ 0, N →∞ (3.1)
simultaneously, while keeping the product finite, i.e.
~2N = const. (3.2)
In this limit the partition function which is a sum over Young-tableaux becomes
an integral over Young-tableaux profiles which can be evaluated by a saddle-point
approximation. In the following we will provide a full self-consistent derivation of
the resulting matrix model and its solution.
In the unrefined limit ~ = 1 = −2, the partition function is
Z =
∑
N
e2piiφN
∑
|ν|=N
∏
(i,j)∈ν
θ1(−m+ ~(νi − j − i+ 1))θ1(−m− ~(νi − j − i+ 1))
θ1(~(νi − j + ν†j − i+ 1))2
.
(3.3)
Applying the identity
∞∏
i,j=1
σ(νi − νj + j − i)
σ(j − i) =
∏
(i,j)∈ν
1
σ2(νi − j + ν†j − i+ 1)
, (3.4)
1The ~ → 0 limit also can be thought of as the V → ∞ limit. Here V = ~2 is the regularized
volume of R4 which can be deduced from the fact that the free energy of M-strings has the expansion
F = F0~2 +O(~0) and the double-pole arises from the zero-modes of the strings along R4.
– 5 –
we rewrite (3.3) as
Z =
∑
ν
e2pii|ν|φZν ,
Zν =
∑
|ν|
∞∏
i,j=1
θ1(~(νi − νj + j − i))
θ1(~(j − i))
×
∏
(i,j)∈ν
θ1(−m+ ~(νi − j − i+ 1))θ1(−m− ~(νi − j − i+ 1)),
(3.5)
here we take σ(x) = θ1(~x) since we are dealing with a 6d partition function.
We now take the thermodynamic limit of the partition function (3.5) and evaluate
the prepotential in the similar way as in [25, 26, 28]. Firstly, we introduce a function
γ(z; ~) which obeys the difference equation,
γ(z + ~; ~) + γ(z − ~; ~)− 2γ(z; ~) = ln θ1(z), (3.6)
and has the expansions,
γ(z; ~) =
∞∑
g=0
h2g−2γg(z). (3.7)
In the following derivation, we will use the fact that
γ′′0 (z) = ln θ1(z). (3.8)
The explicit form of γ(z; ~) is not important for us.
Using the difference equation (3.6) the partition function (3.5) can be written as
Zν = exp
[
− 1
4
−
∫
dzdwf ′′ν (z)f
′′
ν (w)γ(z − w; ~) +
1
2
−
∫
dzf ′′ν (z) (γ(z −m; ~) + γ(z +m; ~))
+ γ(0; ~)− γ(−m; ~)− γ(m; ~)
]
,
(3.9)
where we have defined the profile fν(z) of the partition ν as follows
fν(z) =
l(ν)∑
i=1
(|z − ~(νi − i+ 1)| − |z − ~(νi − i)|) + |z + ~l(ν)|. (3.10)
Its second derivative is readily computed to be
f ′′ν (z) = 2
[ ∞∑
i=1
(δ(z − ~(νi − i+ 1))− δ(z − ~(νi − i))− δ(z + ~(i− 1)) + δ(z + ~i)) + δ(z)
]
.
(3.11)
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When |ν| is large, f ′′ν (z) becomes a density function. Let C be the support of f ′′ν (z)
around the orgin. The expression of f ′′ν (z) leads to the constraints
0 =
1
2
∫
C
dzzf ′′ν (z),
|ν| = 1
4~2
∫
C
dzz2f ′′ν (z).
(3.12)
In the thermodynamic limit ~→ 0 the partition function is approximated by,
Z '
∫
Df ′′dλ exp
[
1
2~2
F0 +O(~)
]
, (3.13)
where
F0[f ′′, λ] =− 1
2
−
∫
C
dzdwf ′′(z)f ′′(w)γ0(z − w) + −
∫
C
dzf ′′(z) [γ0(z −m) + γ0(z +m)]
+ 4piiφ
(
1
4
∫
C
dzz2f ′′(z)
)
+ 2λ
(
1
2
∫
C
dzzf ′′(z)
)
.
(3.14)
The saddle point equation is given by the variation of F0 with respect to f ′′,
−
∫
C
dwf ′′(w)γ0(z − w)− γ0(z −m)− γ0(z +m)− piiφz2 − λz = 0. (3.15)
Taking three derivatives with respect to z we obtain
ω(z + i) + ω(z − i) = 0, (3.16)
where ω is the resolvent,
ω(z) = −
∫
C
f ′′(w)∂z ln θ1(z − w)dw − ∂z ln θ1(z −m)− ∂z ln θ1(z +m). (3.17)
The density function f ′′ is then the discontinuity of the resolvent ω along C,
2piif ′′(z) = ω(z − i)− ω(z + i), z ∈ C. (3.18)
Equation (3.17) shows that the resolvent ω is doubly periodic and has only simple
poles at ±m, therefore ω can be solved by the following ansatz,
ω(z) =
2∂z
√
H(z)√
H(z)− 1 , (3.19)
where
H(z) = c
θ1(z)
2
θ1(z −m)θ1(z +m) , (3.20)
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where c is a constant which we will fix later. H(z) is chosen such that ω is doubly-
periodic and its only singularities are simple poles at ±m. These properties follow
from the form (3.17) of the resolvent. One can use the transformation property
(2.5) to convince oneself of the fact that H(z) is indeed doubly periodic. The ansatz
(3.20) is motived from the duality to the U(1) gauge theory with two fundamental
hypermultiplets mentioned in section 2 whose resolvent was worked out in [26].
Now we are ready to work out the Seiberg-Witten geometry. Following the
procedure in [26] the Seiberg-Witten curve can be written as
y2 = cθ1(z)
2 − θ1(z −m)θ1(z +m). (3.21)
To get the correct Seiberg-Witten period, we take two derivatives of the saddle point
equation (3.15) giving
1
2
(Ω(z − i) + Ω(z + i))− 2piiφ = 0, z ∈ C, (3.22)
where
Ω(z) ≡
∫
C
f ′′(w) ln θ1(z − w)− ln θ1(z −m)− ln θ1(z +m), (3.23)
and Ω obeys
Ω′(z) = ω(z). (3.24)
Solving for φ we get
φ =
i
2pi2
∮
A
ln
(√
H(z) +
√
H(z)− 1
)
dz modZ, (3.25)
where A stands for the A-cycle on the torus. This reproduces the Seiberg-Witten
geometry of two sheets connected through a branch cut. Here we observe that ϕ =
−2piiφ is the Seiberg-Witten period of the circle compactification of the N = 1∗
SU(2) gauge theory in five dimensions. Therefore, we deduce
ϕ = ϕ(u, τ) (3.26)
and compute
∂ϕ
∂u
=
1
2pi
∮
A
c′(u)
c(u)
1√
1− 1
c
θ1(z)2
θ1(z−m)θ1(z+m)
dz. (3.27)
Similarly for ϕD we have
∂ϕD
∂u
=
1
2pi
∮
B
c′(u)
c(u)
1√
1− 1
c
θ1(z)2
θ1(z−m)θ1(z+m)
dz. (3.28)
To fix the constant c we take the massless limit,
lim
m→0
∂ϕ
∂u
=
1
2pi
∮
A
c′(u)√
c
1√
c− 1dz,
lim
m→0
∂ϕD
∂u
=
1
2pi
∮
B
c′(u)√
c
1√
c− 1dz.
(3.29)
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By matching this to the well-know Seiberg-Witten theory of massless N = 2? [29],(
∂ϕ
∂u
,
∂ϕD
∂u
)
=
√
2/u
u
(1, τ), (3.30)
we deduce
c = cosh2(
√
u), (3.31)
where we have made us of the fact that∮
A
dz = 2pi,
∮
B
dz = 2piτ. (3.32)
Let us next comment on the emerging Seiberg-Witten geometry. We observe that
for finite values of u this geometry is given by two sheets which are doubly-periodic
and connected through one branch cut as shown in Figure 4. For large values of u
Figure 4: Seiberg-Witten geometry as double-cover of the torus.
the function c(u) approaches infinity and therefore from the form (3.27) we see that
the branch cut disappears.
4 Discussion
In this note we study the Seiberg-Witten geometry of the simplest M-string configu-
ration via the thermodynamic limit of the BPS partition function of M5 branes. The
resulting geometry being two sheets connected by a branch cut matches exactly the
prediction from the toric geometry. It would be interesting to extend these results in
the following directions. A first direction is to apply our methods to the case of ADE
configurations of 6d String Chains arising from D5 branes probing ADE singularities
– 9 –
[23] and extract the resulting Seiberg-Witten geometries. This should be straight-
forward as all string contributions can be written fully in terms of summations over
Young diagrams. Another path to follow is the study of the NS-deformation of the
SW-curve, the so called quantum curve as explored for example in [30]. Finally, an
important extension of the present results would be the derivation of the thermo-
dynamic limit of strings which are in the class of minimal 6d SCFT’s as studied in
[22]. Here, there is no closed Young diagram representation available and therefore
the derivation of the saddle point equation more challenging.
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